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Let p be a prime, and let S2ðG0ðpÞÞ be the space of cusp forms of level G0ðpÞ and
weight 2. We prove that, for p 2 f431; 503; 2089g, there exists a non-Eisenstein
maximal ideal m of the Hecke algebra of S2ðG0ðpÞÞ above 2, such that ðTqÞm is not
Gorenstein. # 2002 Elsevier Science (USA)1. INTRODUCTION
In this paper we exhibit some examples of non-Gorenstein Hecke algebras,
and hence some modular forms for which mod 2 multiplicity one does not hold.
Deﬁne S2ðG0ðNÞÞ to be the space of classical cuspidal modular forms of
weight 2, level N; and trivial character. The Hecke algebra TN is deﬁned to
be the subring of EndðS2ðG0ðNÞÞ generated by the Hecke operators fTp:
p [Ng and fUq: q jNg: Let m be a maximal ideal of TN ; and let ‘ denote the
characteristic of the ﬁnite ﬁeld TN=m: By work of Shimura, one can
associate to m a semi-simple Galois representation rm : Galð %Q=QÞ !
GL2ðTN=mÞ satisfying trðrðFrobpÞÞ  Tp modm for all primes p[N‘: We
say that m is non-Eisenstein if rm is absolutely irreducible.
As an example, if E is a (modular) elliptic curve over Q of conductor N;
let f :¼Pn51 anqn be the modular form in S2ðG0ðNÞÞ associated to E:
Associated to f is a minimal prime ideal of TN ; we say that m is associated
to f ; or to E; if m contains this minimal prime ideal. In this case, the
representation associated to m is isomorphic to the semi-simpliﬁcation of
E½‘; where ‘ is the characteristic of TN=m:
The localisation ðTNÞm of TN at a maximal ideal m is frequently a
Gorenstein ring, and such a phenomenon is related to the study of the m-
torsion in the Jacobian J0ðNÞ of X0ðNÞ: For example, if m is non-Eisenstein
then by the main result of [2], the m-torsion in J0ðNÞ is isomorphic to a1This work was partially carried out at the Institut Henri Poincare´ in Paris; the author is
grateful for the hospitality that he received there.
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L. J. P. KILFORD158direct sum of d51 copies of rm: If d ¼ 1 then one says that the ideal m
satisﬁes ‘‘mod ‘ multiplicity one,’’ or just ‘‘multiplicity one.’’ In this case, the
localisation ðTNÞm is known to be Gorenstein.
Multiplicity one is a common phenomenon for maximal ideals m of TN :
Let us restrict for the rest of this paper to the case of non-Eisenstein
maximal ideals m: The ﬁrst serious study of these mod ‘ multiplicity one
questions is that of Mazur [10], who proves that if N ¼ q is prime and the
characteristic of the ﬁnite ﬁeld Tq=m is not 2 then m satisﬁes multiplicity one
and hence ðTqÞm is Gorenstein. He also showed that, if Tq=m has
characteristic 2 and T2 2 m then ðTqÞm is Gorenstein. This work has been
generalised by several authors, to higher weight cases and non-prime level.
Rather than explaining these generalisations in complete generality, we
summarise what their implications are in the case left open by Mazur.
We ﬁx notation ﬁrst. From now on, the level N ¼ q is prime, m is a non-
Eisenstein maximal ideal of Tq; and the characteristic of Tq=m is 2. Let
f ¼Pn anqn be the mod 2 modular form associated to f :
As we said already, if a2 ¼ 0 then Mazur proved that m
satisﬁes multiplicity one. Gross proves in [8] that if a2a1 then m satisﬁes
multiplicity one, and in Chapter 12 of [8] (see the top of p. 494) he states
as an open problem whether multiplicity one holds in the remaining case
a2 ¼ 1:
Edixhoven [6] proves that if rm is ramiﬁed at 2; then m satisﬁes
multiplicity 1 (Theorem 9.2, part 3). Buzzard [3, 4] shows that if rm is
unramiﬁed at 2 but if the image of Frobenius at 2 is not contained in the
scalars of GL2ðTq=mÞ then m satisﬁes multiplicity one; see Proposition 2.4
of [3].
The main theorem of this paper is that, for q 2 f431; 503; 2089g (note that
all of these are prime), there is a non-Eisenstein maximal ideal m of Tq lying
above 2, such that ðTqÞm is not Gorenstein. As a consequence, these m do
not satisfy mod 2 multiplicity one. In fact, the theorems above served as a
very useful guide to where to search for such m:
It is proved in [9, Theorem 21.3], that if a Z2-algebra is ﬁnitely generated
and a complete intersection then it is Gorenstein. Hence the Tq above are
not complete intersection. The work of Wiles [15] and Taylor–Wiles [14] on
Fermat’s Last Theorem proves as a byproduct that certain Hecke algebras
are complete intersections. Hence this paper gives a bound on how effective
Wiles and Taylor’s methods can be in characteristic 2.
Each of the maximal ideals m  Tq that we construct are non-Eisenstein
and have the property that Tq=m ¼ F2; so let us ﬁrst consider a general
surjective representation r : GalðQ=QÞ ! GL2ðF2Þ: For such a representa-
tion, the trace of r at any unramiﬁed prime p can be computed if one knows
the splitting of p in the extension ofQ of degree 6 cut out by r: Let K denote
this extension. If p splits completely then Frobp has order 1 and if p splits
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rðFrobpÞ is 0. The other possibility is that p splits into two primes, and then
Frobp has order 3 and the trace of rðFrobpÞ is 1:
By the theorems of Mazur, Gross, Edixhoven and Buzzard above, if we
wish to ﬁnd examples of maximal ideals where multiplicity one fails, we
could adopt the following approach: we ﬁrstly search for modular elliptic
curves E of prime conductor q; such that 2 is unramiﬁed in K ¼ QðE½2Þ; the
ﬁeld generated over Q by the coordinates of the 2-torsion of E: We then
require that 2 splits completely in K and that K has degree 6 over Q: Note
that these conditions imply that E has good ordinary reduction at 2. For any
such elliptic curves that one may ﬁnd, the maximal ideals of Tq associated to
E½2 will be maximal ideals not covered by any of the multiplicity one results
above.
We search for curves like this by using a computer to search pre-compiled
tables, such as Cremona [5], and compute the associated maximal ideals of
Tq: For each such maximal ideal, we then explicitly construct the completion
of ðTqÞm as a subring of a direct sum of ﬁnite extensions of Q2 and check to
see whether it is Gorenstein. Note that a Noetherian local ring is Gorenstein
if and only if its completion is. Hence this procedure will test the
Gorenstein-ness of localisations of Tq at non-Eisenstein maximal ideals
not covered by the above theorems.
It is slightly surprising to note that after trying only one or two examples,
one ﬁnds maximal ideals where multiplicity one fails. Our discoveries are
summarised in the following theorem.
Theorem 1. Assume that q 2 f431; 503; 2089g: Then there is a maximal
ideal m of Tq such that ðTqÞm is not Gorenstein, and hence for which mod 2
multiplicity one does not hold.
Note that as a consequence, the ring Tq is in these cases, by deﬁnition, not
Gorenstein.
The calculations behind this theorem were made possible with the hecke
package, running on the Magma computer algebra system [1]. Magma
includes an environment for specialised number-theoretic calculations, and
also incorporates Cremona’s database of elliptic curves, and the hecke
package, written by William Stein, implements efﬁcient algorithms to
generate spaces of modular forms of arbitrary level, weight ð52Þ and
character over global and ﬁnite ﬁelds. Without this computing package this
paper could not have been written.
An application of this paper’s results can be found in Section 6 of
Emerton [7]. Let X be the free Z-module of divisors supported on the set of
singular points of the curve X0ðqÞ in characteristic q: Theorem 0.5 of [7]
shows that Tq is Gorenstein if and only if X is an invertible Tq-module. The
L. J. P. KILFORD160module X can be explicitly calculated quickly using the Mestre–Oesterle
method of graphs, from [11], as implemented in, e.g., Magma.
The exact sequence of Galð %K=KÞ-modules on p. 488 of Gross [8], is split
as an exact sequence of Hecke modules, in the Gorenstein case. Emerton
proves that the analogue of this short exact sequence in the non-Gorenstein
case is never split. He uses this to prove results about the m-adic Tate
module of J0ðqÞ:
In Ribet–Stein [12] the existence of non-Gorenstein Hecke algebras is
discussed in the context of the level optimisation procedure associated with
Serre’s conjecture (see Section 3.7.1.)
2. T431
Theorem 2. There is a maximal ideal m of T431 such that ðT431Þm is not
Gorenstein.
Set q ¼ 431: There are two non-isogenous modular elliptic curves E1 and
E2 of conductor q; deﬁned over Q; with corresponding minimal Weierstrass
equations
E1 : y
2 þ xy ¼ x3  1;
E2 : y
2 þ xy þ y ¼ x3  x2  9x  8:
The corresponding modular forms d1; d2 2 S2ðG0ð431ÞÞ have Fourier
coefﬁcients in Z: One can easily check that the ﬁelds QðEi½2Þ are
isomorphic, and of degree 6 over Q; which shows that the two elliptic
curves have isomorphic and irreducible mod 2 Galois representations. One
checks that 2 splits completely in K ¼ QðEi½2Þ:
Let
r : GalðK=QÞ ! AutðE1½2Þ
denote the associated mod 2 Galois representation. We claim that there are
precisely four eigenforms in S2ðG0ð431ÞÞ giving rise to r: To see this, note
ﬁrstly that rðFrob3Þ has order 3 and hence has trace 1. We compute the
characteristic polynomial of T3 acting on S2ðG0ð431ÞÞ and reduce it to
modulo 2. We ﬁnd that the resulting polynomial is of the form ðX 
1Þ4gðX Þ; where gð1Þa0: This shows already that there are at most four
eigenforms which could give rise to r: We now compute the q-expansions of
these four candidate eigenforms, as elements of Q2½½q: Two of the
eigenforms, say d1 and d2; corresponding to the elliptic curves E1 and E2
above, of course have coefﬁcients in Z: The other two, d3 and d4; are
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ﬃﬃﬃﬃﬃ
10
p Þ: We now check that the reductions
to F2 of the ﬁrst 72 q-expansion coefﬁcients (the Sturm bound) of all four of
these eigenforms are equal. By Sturm [13], this implies that the four forms
themselves are congruent, and hence all give rise to isomorphic mod 2
Galois representations. By construction, these representations must all be
isomorphic to r:
Let m denote the corresponding maximal ideal of Tq: Our goal now is to
compute the completion T of ðTqÞm explicitly. Let V be the four-
dimensional space over Q2 spanned by the four eigenforms giving rise to
r: The ring T is the Z2-subalgebra of EndðVÞ generated by the Hecke
operators Tp for pa431; and U431: By the theory of the Sturm bound, this
algebra equals the Z2-algebra generated by Tn for n472: One readily
computes this algebra. Let a be the coefﬁcient of q3 in d3: Then d3 and d4 are
deﬁned over Q2ðaÞ ¼ Q2ð
ﬃﬃﬃﬃﬃ
10
p Þ: It turns out that T is isomorphic to the
subring of Z2  Z2  Z2½a generated as a Z2-module by fð1; 1; 1Þ; ð0; 2; 0Þ;
ð0; 0; aþ 1Þ; ð0; 0; 2Þg:
This is a local ring, with unique maximal ideal m generated as a Z2-
module by fð2; 0; 0Þ; ð0; 2; 0Þ; ð0; 0; aþ 1Þ; ð0; 0; 2Þg:
Now we claim that there is a reducible parameter ideal (recall that a
parameter ideal is an ideal that contains a power of the maximal ideal). This
will show that T is not Gorenstein (see [9, Theorem 18.1]). (Note that T is
Cohen–Macaulay, as it has Krull dimension one and has no non-zero
nilpotent elements (see [9, Sect. 17, p. 139])).
The ideal i generated by ð2; 2; aþ 1Þ is a parameter ideal, since it contains
m2: We observe that the ideals
i1 ¼ ðð2; 0; 0Þ; ð0; 2; aþ 1ÞÞ and i2 ¼ ðð0; 2; 0Þ; ð2; 0; aþ 1ÞÞ
have intersection exactly i: Hence i is a reducible parameter ideal, so T is not
Gorenstein, and as T is the completion of the Noetherian local ring ðT431Þm
we deduce that this ring is also not Gorenstein. Hence mod 2 multiplicity
one fails for m:
3. T503
Theorem 3. There is a maximal ideal m of T503 such that ðT503Þm is not
Gorenstein.
The argument is similar to that of the previous section, and we merely
sketch it. In fact, the case q ¼ 503 is slightly technically simpler than the case
of q ¼ 431 because all four relevant newforms are deﬁned over Z2:
There are three isogeny classes of modular elliptic curves of conductor
503. Let F1; F2 and F3 denote representatives in each class, and let f1; f2 and
L. J. P. KILFORD162f3 denote the corresponding modular forms. One checks that the ﬁelds
QðFi½2Þ generated by the 2-torsion of the three elliptic curves are all
isomorphic. If K denotes this extension, then one checks that K has degree 6
over Q; and that 2 is unramiﬁed and splits completely in the intergers of K :
Let r : GalðQ=QÞ ! GL2ðF2Þ denote the corresponding Galois representa-
tion, and let m denote the maximal ideal of T503 corresponding to the
2-torsion in any of these curves. An explicit computation of S2ðG0ð503ÞÞ and
the eigenvalues mod 2 of the Hecke operator T11 shows that there can be at
most one other eigenform f4 of level 503 giving rise to r; and indeed one can
check that such a form f4 exists, deﬁned over Q2 but not Q (one need only
check congruence for the ﬁrst 84 coefﬁcients). The completion of ðT503Þm
now can be checked to be isomorphic to the subring of ðZ2Þ4 generated as a
Z2-module by the elements
fð1; 1; 1; 1Þ; ð0; 2; 0; 0Þ; ð0; 0; 2; 2Þ; ð0; 0; 0; 4Þg  ðZ2Þ4:
The unique maximal ideal of this ring is generated as a Z2-module by the
elements
fð2; 0; 0; 0Þ; ð0; 2; 0; 0Þ; ð0; 0; 2; 2Þ; ð0; 0; 0; 4Þg:
We see easily that ðT503Þm is Cohen–Macaulay, as it has Krull dimension
1 and no nilpotent elements. The ideal i generated by ð2; 2; 2; 2Þ is a
parameter ideal, as m2  i: Finally, the ideals
i1 :¼ ðð0; 2; 2; 2Þ; ð2; 0; 0; 0ÞÞ and i2 :¼ ðð2; 0; 2; 2Þ; ð0; 2; 0; 0ÞÞ
have i as their intersection hence i is reducible, and therefore the localisation
ðT503Þm is not Gorenstein and hence T503 is not Gorenstein. Hence as before,
mod 2 multiplicity one fails for m:
4. OTHER EXAMPLES
After these initial examples were discovered, William Stein suggested
another way to check directly that multiplicity one fails in these and other
cases, by an explicit computation in the Jacobian of the relevant modular
curve.
Let q be a prime and let E1 and E2 denote two non-isogenous new optimal
modular elliptic curves (also called strong Weil curves) of conductor q;
viewed as abelian subvarieties of the abelian variety J0ðqÞ: Suppose that the
two modular forms corresponding to E1 and E2 are congruent modulo 2:
Let m be the corresponding maximal ideal of Tq over 2: If mod 2 multiplicity
one holds for m; then J0ðqÞ½m ¼ E1½2 ¼ E2½2; viewed as subsets of J0ðqÞ:
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T
EjðCÞ is non-zero. But this intersection can be
explicitly computed using the IntersectionGroup command in Magma,
and if it is zero then we have veriﬁed that mod 2 multiplicity one has failed
without having to compute the completions of the relevant Hecke algebra
explicitly.
In the case q ¼ 431; we ﬁnd that E1ðCÞ
T
E2ðCÞ ¼ f0g; so we have
another proof that mod 2 multiplicity one and the Gorenstein property fail
for the Hecke algebra of level 431. A similar argument veriﬁes failure of mod
2 multiplicity one at level 503.
This method can also be used to check our third example. There are ﬁve
isogeny classes of elliptic curves with conductor 2089, of which four, the
ones labelled 2089A, 2089C, 2089D, 2089E in Cremona’s tables, have
isomorphic mod 2 representations. (Note that 2089B, has rational 2-torsion,
so its associated Galois representation is reducible.) Using the results of the
previous section, we ﬁnd that the intersection in J0ð2089Þ of the elliptic
curves labeled 2089A and 2089B is f0g: (Incidentally, the intersection of the
curves labeled 2089A and 2089E is ðZ=2ZÞ2:) Hence we have another
example of failure of mod 2 multiplicity one and Gorenstein-ness.
This paper answers the question raised in [3, 8], in that it exhibits speciﬁc
examples of non-Gorenstein Hecke algebras. This raises the natural
question of deciding exactly which Hecke algebras are not Gorenstein,
without explicitly computing them, and proving theorems like those of
Buzzard, Edixhoven, Gross and Mazur for these algebras. A natural next
step is to ask the following:
Question 4. Are there inﬁnitely many prime integers q such that Tq is not
Gorenstein, and hence where mod 2 multiplicity one fails?
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